Introduction
Let F be a non-archimedean local field. To classify the smooth representations of GL N (F ), C. Bushnell [1] defined a fundamental stratum, consisting of an open compact subgroup and its finite-dimensional irreducible representation. Bushnell proceeded to prove that any irreducible smooth representation contains a fundamental stratum, confirming the previous conjecture of A. Moy (although this author called it a minimal K-type). This classification was completely solved by Bushnell-Kutzko [2] , and developed to the theory of types for a reductive algebraic F -group in [3, 4] . Let the field F be of residue characteristic not two. Having generalized the method of [1] , L. Morris [13] defined a fundamental stratum and proved an analogous fact for a classical group. Unfortunately, there is a gap in the proof of one of the main theorems of this study, specifically Theorem 8.8 (see 2.2). The second author of the present study close this gap for the classical group G of an unramified hermitian form (see 1.1), in [12] . In this paper, following the arguments of [13] , we modify the fundamental stratum to define a fundamental C-stratum for such a classical group G, and prove that any irreducible smooth representation of G contains a fundamental C-stratum. Further, following Stevens [20] , we define a split fundamental C-stratum, which is a generalization of a separated minimal K-type described in [9] for GL N (F ) (also [2, 2.3] ). We will be able to pursue analogues of Kutzko [11] and Broussous [5] by using split and non-split fundamental C-strata. We must emphasize that our results are essentially based on those of Morris [13] .
for all v, w ∈ V . Let g be the Lie algebra of G. Then we have g = X ∈ End F (V ) X + σ (X) = 0 .
1.2.
We recall notation and definitions of [13] and modify them slightly. Here and from now on, let Z be the ring of integers. Recall that a lattice chain in V is a family L of O-lattices in V which is totally ordered by inclusion and closed under translations by F × . We can find lattices L i , 0 i e − 1, in L such that
and such that L ∈ L implies L = P t L i for some 0 i e − 1 and some t ∈ Z. We say that e is the period of L, and denote it by e = e(L). Furthermore, we say that
For a O-lattice L in V , the dual lattice L # is defined by
It may be noted that in particular L ## = L.
Remark 1.2.1.
The definition of L # is in accord with that of Stevens [19] , but differs from that of Morris [13, 4.2] .
For a lattice chain L = {L i } i∈Z in V , the dual lattice chain L # is also defined by
(1.2.1)
We say that a lattice chain L in V is self-dual if it satisfies L = L # .
Proposition 1.2.2 [14, Lemma 4.4]. Every self-dual lattice chain L in V contains a unique slice of the form
for some positive integer r, where possibly
Remark 1.2.4.
This definition also differs from the original one of [13, 4.3] , however we may adopt the present definition by virtue of [13, Lemma 4.4] .
Denote by A(L) and A(M) the hereditary O-orders in End F (V ) associated to L and M, respectively, and by P(L) and P(M) the respective Jacobson radicals. Since M = L # , the involution, σ , in 1.1 satisfies
Following [13, 4.5 and 4.11] , we define the O-submodules of End F (V ) by
for all integers i. Then by [13, 4.5 and 4.10] ,
,
The O-submodules make a filtration on End F (V ), which is called a C-filtration. Denote by tr 0 the composition of the traces:
where Tr F/F 0 is the trace map from F to F 0 , and tr is the usual trace in End
Lemma 1.3.1. With notation defined as above, we have
Proof. This follows easily from [1] . 2
1.4.
We shall see that any C-chain (L, M) in V is a self-dual lattice sequence in the sense of [19, Section 1] .
We recall the following definition. 
there exists a positive integer, e, such that PΛ(k) = Λ(k + e), for k ∈ Z.
We may further define e = e(Λ) to be the period of Λ.
For a lattice sequence Λ in V , we define O-submodules of End F (V ) by 
Proof. If X ∈ a i (Λ), then for k ∈ Z, by the definition we have
This immediately proves the equality of the assertion and thus the proof is completed. 2
(1.4.1)
It is immediately clear that Λ is a lattice sequence in V satisfying e(Λ) = 2e(L) = 2e(M), and moreover, as claimed above, we can prove the following: Lemma 1.4.5. The lattice sequence Λ above is self-dual and satisfies
where the
Proof. There exists a unique integer c satisfying
We shall determine the value of c in Lemma 2.4.1 below. Hence, putting 
for i ∈ Z. This completes the proof. 2
For such a lattice sequence Λ defined by a C-chain (L, M), we write Λ = (L, M) and again call it a C-chain in V .
Fundamental C-strata
2.1. Let Λ be a self-dual lattice sequence in V with e = e(Λ). By Proposition 1.4.2, from {a i (Λ)} i∈Z above, we can define open compact subgroups of G and their filtration as follows:
and for each positive integer i,
We also define a filtration on the Lie algebra g by
for each integer i. Then P Λ,i and g Λ,i are invariant under conjugation by the elements of P Λ , for each i. By Lemma 1.4.2(3), for integers i, j with 2i j i 1, P Λ,i /P Λ,j is an abelian group. We denote by (P Λ,i /P Λ,j ) ∧ the Pontrjagin dual of this group.
Let Ω 0 be a fixed character of the additive group of F 0 , with conductor P 0 . Then ψ 0 • tr 0 is a character of F , with conductor P. Proposition 2.1.1 [19, 1.2] . For integers i, j with 2i j i 1, there exists a P Λ -equivariant isomorphism of abelian groups
where
For such a character ψ b as defined in Proposition 2.1.1, we say that it is represented by the coset b + g Λ,1−i . (1) When n > 0, ψ = ψ b is a character of P Λ,n trivial on P Λ,n+1 , and is represented by
In particular, we say that
Further, we say that an irreducible representation, π , of G contains a stratum (Λ, n, ψ) with n > 0 (respectively n = 0), if the restriction of π to P Λ,n (respectively P 0 Λ ) contains ψ.
We note that P Λ = P Λ /P Λ,1 defined above is the group of F 0 -rational points in a reductive algebraic group defined over F 0 = O 0 /P 0 . We shall call n/e(Λ) the level of the stratum (Λ, n, ψ).
Definition 2.1.3. A stratum (Λ, n, ψ) is called fundamental, if it satisfies the following conditions:
(1) When n > 0, the coset b + a 1−n (Λ) (note, not b + g Λ,1−n !) does not contain any nilpotent elements. (2) When n = 0, ψ is cuspidal in the sense of [7] as an irreducible representation of P 0 Λ .
The following lemma is presented in preparation for future use.
The following conditions are equivalent:
There exists an integer n 1 such that x n ∈ a 2ni+1 (Λ).
contains a nilpotent element, that is, (1) 
, where ψ is a certain character of a subgroup J 2n of G, which satisfies P 2n+1 ⊂ J 2n ⊂ P 2n , with the other notation defined as above. It is said that an irreducible smooth representation π of
of positive level that is not fundamental, then it contains a stratum whose level is properly inferior to the level n/e(L). Since the only condition imposed on π is that π| J 2n contains ψ, in order to prove this statement, we have to construct a C-chain (L , M ) with a positive integer n satisfying n/e(L) > n /e(L ) and ψ| P 2n +1 ≡ 1 (cf. [13, Proposition 7.11] ). In particular, we need to prove J 2n ⊃ P 2n +1 . However, this result cannot be derived from the arguments presented in [13] .
2.3.
For a classical group G defined as in 1.1, we supplement the arguments of [13] , and modify the statement of Theorems 8.8 and 8.9 of that study in terms of C-strata.
Let Λ = (L, M) be a C-chain in V and {B i } i∈Z be the set of the corresponding Osubmodules of End F (V ), as in 1.2. Then we get a Z-graded algebra,
Here we recall B i = a i (Λ), for i ∈ Z, by Lemma 1.4.5. By Lemma 1.4.4, the involution σ induces involutions on B 2j /B 2j +1 for all j ∈ Z, and so on B. We denote these again by σ . Defining
We say that the coset x = x + B 2j +1 , with x ∈ B 2j , is skew, if it belongs to (B 2j /B 2j +1 ) − , while we say that the coset is nilpotent, if it is nilpotent in the Z-graded algebra B. 
By this proposition, we get the following theorem, which is an improvement of [13, Theorem 8.8]. 
and n/e(Λ) = n /e(Λ ).
This theorem and [13, Theorem 8.9] together yield the following corollary.
Corollary 2.3.3. Any irreducible smooth representation of G always contains a fundamental C-stratum.
By making use of the method of Morris [13] , Miyauchi [12] proved Proposition 2.3.1 and Theorem 2.3.2. An outline of these proofs is presented here.
Assume that
We have seen previously in the proof of Lemma 1.4.5 that
On the other hand, since N = L ∪ M is self-dual, by Proposition 1.2.2 it may be numbered as N = {N i } i∈Z so that it contains the self-dual slice
for some positive integer r.
Lemma 2.4.1. Retaining the same notation and assumptions given above, then numberings for L = {L i } and M = {M i } can further be chosen so that the integer c of (2.4.1) is given as follows:
Proof. In each case, we can number L = {L i } and M = {M i } as follows:
This proves the lemma. 
and further
Multiplication by induces an isomorphism U i U i+e , where e = e(L), thus we can set
as in [13, 5.2] , and naturally obtain
Similarly,
where e 0 = e(N ). Thus we have N = U × V . From the form f on V , we obtain a nondegenerate form f on N as in [13, 5.7] and have
where f U and f V are non-degenerate forms of the same type as f , in a similar way to [13, 5. 14] (cf. [12, 3.4-3.10] ). We must slightly modify the multiplication by in the definition of the forms mod P according to the definition of the dual lattice in 1.2. For c in Lemma 2.4.1, we have
2.5.
For each integer j , we define
and similarly End(U) j , End( V ) j , and End(V ) j . Let
respectively. Since x = x, these maps define
Hence we obtain the map
together with the commutative diagram
where the vertical maps are given by natural compositions.
2.6.
In order to prove Proposition 2.3.1, we construct a certain C-chain (L , M ), which has previously been described in [12, Section 4] .
Assume that x + B 2j +1 is skew and nilpotent as in Proposition 2.3.1. Then it follows from 2.5 that x U ∈ End(U) j (respectively x V ∈ End(V ) j ) is obtained, and is also skew and nilpotent with respect to f U (respectively f V ). Thus, by [13, 3.4] , we get a sl 2 -triple in End(U ) (respectively End(V )) from f U (respectively f V ) and then weight spaces on U (respectively V ) for its semisimple element as follows: fix an integer k 0 with U k 0 = U k 0 (λ 0 ), the weight space defined by [13, 3.4 and 6.9] . When an integer appears as a subscript of U (respectively V ), it means that it has been reduced mod e = e(L). Since x U ∈ End(U) j is nilpotent, there exists a minimal positive integer r(0) such that
Upon setting
there similarly exists a minimal non-negative integer s(0) such that
Hence, as in [13, 7. 3], we get the following weight spaces:
for some integers λ 0 and µ 0 . Inductively we set
and for an integer with 0 < e = e(L), we obtain
Here we may choose the set of integers k 0 , . . . , k so that k 0 ≡ k mod e and k m is not congruent to k m mod e for 0 m < m < . We may similarly select the set of h 0 , . . . , h . These weight spaces are all non-zero and mutually distinct. We note that s(i) 0 and that it may be observed that L is a lattice chain in V . 
Lemma 2.7.1. Retaining the same notation and assumptions as given above,
and
and Since k = k 0 + aj + ≡ k 0 mod e, we have that j is an integer. If we select any lattice L ∈ L , then it can be easily seen that I a x L = j L. Hence it follows that I x is a bijection from L onto L , and the lattice chain L is given by
By the definition of I x , we have a = e(L ) and
[12, Proposition 4.11.1].
Let U k (λ)
be an element of L introduced in 2.7. We define
where the integer c is that introduced in 2.4. We then have
as in [13, 7.12] . Similarly, for
If we introduce
then M is obtained from L ⊥ in a similar manner as that used to obtain L is from L in 2.6, and L ∪ M is a self-dual lattice chain in V . Hence, by (2.7.2) we obtain 
is hence given as follows:
Lemma 2.9.1. Let notation and assumptions be as above.
Using Lemmas 2.7.1 and 2.9.1, we can prove the following lemma, which is the same as [13, Lemma 7.13 ]. The proof is elementary, but somewhat long and tedious. 
Finally, in a similar way to [13, 7.14 and 7.15], we can prove that L and M satisfy the conditions C(i) and C(ii) of [13, 4.3] by using Lemma 2.9.2 (cf. [12, 4.14-4.16]).
2.10.
We now proceed to prove Theorem 2.3.2. We assume that a C-stratum (Λ, n, ψ b ),
contains a nilpotent element and thus it is skew and nilpotent in B = i∈Z B 2i /B 2i+1 . By Proposition 2.3.1, there exists a C-chain (L , M ) in V and an integer j , such that
where e = e(L) and e = e(L ). By (2.7.1),
for the integer with 0 < e . Thus we have n = −2j 0.
By Lemmas 1.4.2 and 1.4.5,
Introducing Λ = (L , M ), we hence have
Further, since π contains ψ b , it has a non-zero P Λ ,n +1 -fixed vector, and hence it contains a C-stratum (Λ , n , ψ ). However n /2e < n/2e; this contradicts that the level n/2e = n/e(Λ) of (Λ, n, ψ b ) is minimal. The first assertion has been proved. The second assertion can be proved in a similar way to the proof of [8, Theorem 4.1] (cf. [17, Section 7] ), and we leave the proof as an exercise to the reader. The proof of Theorem 2.3.2 is complete.
Some properties of fundamental C-strata

3.1.
We can obtain an analogue of [1, (3.4) ] for GL n . Proof. In the case of a = 1, there is nothing to prove, assume therefore that a > 1. Since Λ is a C-chain in V ,
for i ∈ Z, where c = −1 or 0 is determined in Lemma 2.4.1. From Λ, we define a function Λ from Z to the set of O-lattices in V by
and e(Λ ) = e(Λ)/a = e . Hence Λ is a lattice sequence in V . Further, by definition, we can show Λ (2i) # = Λ (−2i + 1), Λ (2i + 1) # = Λ (−2i), for i ∈ Z, which shows that Λ is self-dual. Hence it follows that it is a C-chain in V . By definition, it is immediately seen that n is even and
Furthermore, we will now prove that a 1−n (Λ ) ⊂ a 1−n (Λ). Let i = ak + , with 0 < a. Then
Hence we have
By the assumption, it follows that π contains a C-stratum (Λ , n , ψ b 
the former coset contains no nilpotent elements, and thus (Λ , n , ψ b ) is fundamental. The proof is complete. 
and because it depends only on y + a 1 (Λ), φ b (t) depends only on (Λ, n, ψ b ). We call φ b (t) the characteristic polynomial of (Λ, n, ψ b ). If we set e(Λ) = 2e, then there exists a natural isomorphism
.
Under this isomorphism, we may identify
where for i ∈ Z/eZ, α i ∈ End F (Λ(2i + 1)/Λ(2i + 2)) and 
By [4, 2.4] , the map (2.5.1) with 2j = −n is translated to the following bijection in terms of lattice sequences defined above: 
3.4.
We can see the examples of C-strata for Sp 4 (F ) in [16] (Although GSp 4 (F ) is treated).
It is easily seen that all the non-degenerate representations for G = Sp 4 (F ), which are defined in [16] , are fundamental C-strata. Those of positive level (according to our definition) are classified into split and non-split C-strata as follows.
Let V be a F -vector space of dimension 4, equipped with a non-degenerate alternating form f , G = Sp(V , f ) and g the Lie algebra of G. Employing the notation of 1.3, let (L, Ω) be a non-degenerate representation for G. Then the corresponding coset in [16, 4.1 and 5.1] has the following form: The number of α in [16] 1.3.1) ). In the unramified case, since e(Λ)/ gcd(e(Λ), n) = 1, we can calculate the characteristic polynomial φ b (t) to determine the splitness as indicated in the list. In the ramified case, except (5.1e), since e(Λ)/ gcd(e(Λ), n) is even, (Λ, n, ψ b ) is non-split. In the case of (5.1e), by the form of φ b (t), it is also non-split.
Other examples of non-split fundamental C-strata which give supercuspidal representations of classical groups G may be found in Morris [14, 15] , Kariyama [10] , and Stevens [19] .
3.5.
Using results of Howe-Moy [9] and Bushnell-Kutzko [3] , we can obtain the following results for a classical group G of Chevalley type.
Let (Λ, n, ψ b ) be a split fundamental C-stratum of positive level. Then there exists a parabolic subalgebra p of g with Levi factor m that satisfies b ∈ m. Let P be the parabolic subgroup of G with Levi factor M satisfying Lie(P ) = p and Lie(M) = m. Associated with the character ψ b , we can construct an open compact subgroup J of G and a character τ of J that satisfy the following conditions:
Introducing τ M = τ | J ∩M , we can prove that if any smooth representation of G contains ψ b when restricted to P Λ,n , then it also contains τ when restricted to J , and there exists a natural isomorphism of Hecke algebras,
H(G, τ ) H(M, τ M ),
which is support-preserving. Furthermore, we can prove that if an irreducible smooth representation of G contains a split fundamental C-stratum of positive level, then it is not supercuspidal.
It may be noted that Stevens [20] obtained the same results using an alternative method for general classical group G. These results will be further discussed elsewhere.
